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ABSTRACT

Hot Jupiters often have radii larger than predicted by standard cooling–contraction models, but it11

remains unclear which process supplies or preserves the extra internal heat. We analyze 328 short-12

period giant planets with measured Mp, Rp, Porb, and host-star Teff using causal discovery, a statistical13

framework that asks which observed properties remain directly connected to planet radius after the14

others are accounted for. As a check, the same pipeline recovers the expected mass–radius connection15

for a super-Earth control sample. For hot Jupiters, the preferred graph links Rp directly to Porb16

and Teff , but not to Mp. Since incident flux increases with Teff and decreases with Porb at fixed17

stellar properties, this paired dependence is naturally interpreted as a population-level signature of18

irradiation-regulated inflation. Comparing the graph with analytic radius-excess scalings, we find19

that Gold–Soter thermal tides provide the closest single-mechanism match, while kinetic/mechanical20

heating and ohmic dissipation remain viable contributors. Purely period-controlled gravitational tides21

are disfavored as the sole explanation because they lack a leading dependence on stellar temperature.22

Distinguishing thermal tides, kinetic/mechanical heating, ohmic dissipation, and mixed scenarios will23

require radius-excess measurements that control for incident flux, age, composition, stellar properties,24

and selection effects. More broadly, this work shows how causal discovery can turn population-level25

exoplanet data into physically interpretable tests of hot-Jupiter inflation.26

Keywords: Astrostatistics (1882) — Exoplanet evolution (491) — Exoplanet formation (492) — Ex-27

oplanet structure (495) — Hot Jupiters (753)28

1. INTRODUCTION29

Transiting hot Jupiters, gas giants of M ∼ 0.3 to30

2MX on P ≲ 10 d orbits, show R ≳ 1.2RX and reach31

∼1.9RX, exceeding cooling-contraction predictions for32

their ages and compositions (D. Charbonneau et al.33

2000; A. Burrows et al. 2003; J. J. Fortney et al. 2007;34

G. Laughlin et al. 2011). Surveys by HAT, WASP, Ke-35

pler, and TESS show significant inflation mainly above36

Finc ≳ 2 × 108 erg s−1 cm−2, or Teq ≳ 1000K for zero37

Bond albedo/full redistribution, with radius excess ris-38
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ing with Finc and falling with planet mass (B.-O. De-39

mory & S. Seager 2011; L. M. Weiss et al. 2013; M.40

Sestovic et al. 2018; D. P. Thorngren & J. J. Fortney41

2018). Persistence over Gyr timescales, including pos-42

sible “re-inflation” as host stars brighten, implies ongo-43

ing cooling suppression and/or energy deposition rather44

than primordial heat retention (E. D. Lopez & J. J. Fort-45

ney 2016; S. K. Grunblatt et al. 2017; T. D. Komacek46

et al. 2020; D. P. Thorngren et al. 2021).47

Models either slow entropy loss or deposit absorbed48

stellar power at depth (S. Ginzburg & R. Sari 2015).49

Delayed cooling invokes enhanced atmospheric/interior50

opacities, compositional gradients, and double-diffusive51
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(“layered”) convection (A. Burrows et al. 2007; G.52

Chabrier & I. Baraffe 2007; J. Leconte & G. Chabrier53

2012); three-dimensional circulation may raise the54

radiative-convective boundary pressure and insulate the55

interior (P. Tremblin et al. 2017), though delayed cool-56

ing alone struggles with re-inflation. Active channels57

include:58

• ohmic dissipation from ionized winds, efficient59

near Teq ∼ 1500K but weakened by low ioniza-60

tion or magnetohydrodynamic drag (K. Batygin61

& D. J. Stevenson 2010; K. Menou 2012; T. M.62

Rogers & T. D. Komacek 2014);63

• thermal tides from stellar-heating-driven density64

perturbations that sustain asynchronous rotation65

and dissipate orbital/spin energy (P. Arras & A.66

Socrates 2009; A. Socrates 2013; D. P. Thorngren67

& J. J. Fortney 2018);68

• kinetic/mixing heating by circulation, turbu-69

lence, or wave breaking at depth (A. N. Youdin &70

J. L. Mitchell 2010; F. Sainsbury-Martinez et al.71

2019); and72

• gravitational tides from maintained eccentric-73

ity, obliquity, or asynchronism, otherwise transient74

under circularization and synchronization (P. Bo-75

denheimer et al. 2001; B. Jackson et al. 2008; S.76

Millholland et al. 2020).77

Empirical inversions require anomalous powers of 1026–78

1027 erg s−1, with efficiencies peaking at intermediate ir-79

radiation and tapering for the hottest planets (D. P.80

Thorngren & J. J. Fortney 2018; P. Sarkis et al.81

2021). Distinguishing mechanisms requires constraints82

on wind speeds, magnetic fields, heat-deposition depths83

(D. Thorngren et al. 2019), and tidal responses via at-84

mospheric characterization and structural probes such85

as Love numbers (U. Kramm et al. 2012).86

Causal discovery offers a complementary, data-driven87

route for this discrimination (P. Spirtes et al. 2000).88

Rather than fitting one inflation model at a time, it asks89

which variables retain direct conditional dependence on90

the target observable after the remaining variables are91

accounted for. Built on the foundation laid out by P.92

Spirtes et al. (2000) and J. Pearl (2009), causal dis-93

covery has been widely used in epidemiology, genomics,94

condensed matter physics, and economics (N. Friedman95

2004; K. Sachs et al. 2005; J. Runge et al. 2019). In96

recent years, a number of applications in astrophysics97

are also emerging. For example, to infer causal struc-98

ture in supermassive black-hole–galaxy coevolution (M.99

Pasquato et al. 2023; Z. Jin et al. 2024, 2025b; B. L.100

Davis et al. 2026), to test whether trans-Neptunian-101

object colors are primordial (B. L. Davis et al. 2025),102

to study the effect of environment on star formation (S.103

Mucesh et al. 2024), to model stellar mass estimation104

(W. Zhang et al. 2025), and to decipher the stellar mi-105

gration history in the Milky Way (Z. Jin et al. 2025a).106

Here we apply the same logic to hot-Jupiter infla-107

tion: we compare the direct graph parents of Rp iden-108

tified from the observational data with the expected109

signatures of delayed cooling, ohmic dissipation, ther-110

mal tides, kinetic/mechanical heating, and gravitational111

tides. We start by deriving the radius-excess scalings112

used to translate each physical mechanism into predicted113

dependencies on Mp, Porb, and stellar Teff ; we then de-114

scribe the planet samples and causal-discovery pipeline,115

validate the approach on super-Earths, and interpret the116

hot-Jupiter graph in light of these theoretical scalings.117

The remainder of this Letter is organized as follows.118

§2 presents the analytic radius-excess scalings, planet119

samples, and causal-discovery pipeline. §3 validates the120

method on a super-Earth control sample and applies121

it to the hot-Jupiter sample, interpreting the recovered122

graph in the context of delayed cooling, ohmic dissi-123

pation, thermal tides, kinetic/mechanical heating, and124

gravitational tides. §4 summarizes the implications for125

irradiation-regulated inflation and outlines the follow-up126

radius-excess tests needed to separate the remaining vi-127

able mechanisms. Appendices A and B give the detailed128

theoretical derivations and causal-discovery formalism.129

2. METHODS130

2.1. Analytic Radius-excess Scalings131

We compare the causal-discovery graph to theoreti-132

cal power-law scalings for the fractional radius excess,133

∆ = (Rp − R0)/R0 where R0 is the radius expected134

from a non-inflated cooling track. Here we show only135

the resulting dependence on Mp, Porb, and stellar Teff ;136

the full derivation, assumptions, and mechanism-by-137

mechanism table are moved to Appendix A. The scalings138

use Finc ∝ T 4
effP

−4/3
orb , Teq ∝ TeffP

−1/3
orb , R0 ∝ M−0.06

p ,139

Tint ∝ M0.50
p , and an active-heating response expo-140

nent χ = 0.20. For active heating, deposited power141

is converted to radius excess through ∆i ∝ (Pi/Lint)
χ;142

delayed-cooling models are treated separately as low-143

irradiation benchmarks. For compactness, the mecha-144

nism scalings used below are summarized as145

∆i ∝MαM
p PαP

orbT
αT

eff , (1)146

with (αM , αP , αT ) listed in Table 1.147

The key comparison is whether a mechanism predicts148

direct radius-excess dependence on irradiation, period,149

and/or mass in Eq. (1). The mass exponent is especially150



Origins of Hot Jupiters 3

Table 1. Numerical Local Theoretical Scalings for the Radius-excess Law ∆i ∝MαM
p PαP

orb T
αT
eff .

Scenario αM αP αT Dominant Causal Implication Comparison to Data-driven Causal Graph

Ohmic dissipation, pre-turnover −0.62 −0.33 +1.00 Mp → Rp, Teff → Rp Dominant Mp → Rp not identified in observation

Ohmic dissipation, near efficiency peak −0.62 −0.27 +0.80 Mp → Rp, Teff → Rp Dominant Mp → Rp not identified in observation

Thermal tides, Gold-Soter −0.42 −0.60 +0.60 Porb → Rp, Teff → Rp Cleanest match

Thermal tides, dynamical −0.44 −0.80 0.00 Mp → Rp, Porb → Rp Missing Teff → Rp

Kinetic / mechanical heating −0.40 −0.27 +0.80 Mp → Rp, Teff → Rp Dominant Mp → Rp not identified in observation

Eccentricity / obliquity tides −0.44 −1.00 0.00 Mp → Rp, Porb → Rp Missing Teff → Rp

Radiative opacity / delayed cooling −0.78 −0.08 +0.25 Mp → Rp, Teff → Rp Missing Porb → Rp

Layered convection, fixed layer strength −1.06 0.00 0.00 Mp → Rp Missing Porb → Rp, Teff → Rp

Potential-temperature advection −1.06 −0.33 +1.00 Mp → Rp, Teff → Rp Dominant Mp → Rp not identified in observation

Note— The entries are the exponents in Eq. (1): αM exponentiates Mp, αP exponentiates Porb, and αT exponentiates stellar Teff . The values assume

R0 ∝ M−0.06
p , Tint ∝ M0.50

p at fixed age for active-heating channels, χ = 0.20 for active deep heating, fixed stellar mass and radius, fixed age and

composition, fixed B, fixed e or obliquity, and fixed tidal Q′
p. The first ohmic row applies on the rising, pre-turnover branch; the second applies near

the empirical heating-efficiency maximum. The dominant causal implication is the qualitative expected parent set; the mapping from exponent
magnitude to graph edge is heuristic because causal discovery explores conditional dependence, not the local power-law slope.

useful because it separates mechanisms whose inflation151

efficiency is mainly limited by higher surface gravity or152

faster intrinsic cooling from those whose observed sig-153

nature is mostly set by irradiation. Negative αM means154

that, at fixed Porb and Teff , lower-mass Jovian planets155

should show a larger fractional excess; values near −0.4156

to −0.6 are comparatively moderate, while αM ≃ −1157

would imply a much stronger residual mass dependence.158

Irradiation-dominated channels such as ohmic dissipa-159

tion and kinetic/mechanical heating predict strong pos-160

itive Teff dependence and weaker negative period depen-161

dence; Gold–Soter thermal tides (T. Gold & S. Soter162

1969; A. Socrates 2013) predict both Teff and Porb de-163

pendencies of more comparable strength; purely grav-164

itational eccentricity/obliquity tides predict a strong165

period dependence but no leading stellar-temperature166

dependence. Delayed-cooling models serve as weak-167

irradiation-response benchmarks, although some have168

steep mass exponents because radius perturbations are169

suppressed by surface gravity. The numerical exponents170

used in §3 are listed in Table 1.171

2.2. Data & Causal Discovery172

We constructed the hot-Jupiter sample from the173

Encyclopaedia of exoplanetary systems (J. Schnei-174

der et al. 2011) using the same cuts described in Ap-175

pendix B: 0.5MX ≤ Mp ≤ 2.0MX, Porb ≤ 10 days, and176

0.5RX < Rp ≤ 3.0RX, yielding 328 planets with com-177

plete values for the filtered quantities. A sanity-check178

super-Earths dataset of 179 objects was also constructed179

from the same source, taking Rp ≤ 1.8R⊕.180

Uncovering causal structures from passively observed181

data is possible since different causal structures lead to182

distinct sets of conditional independence relationships183

among data. For example, A← C → B implies A ⊥̸⊥ B184

and A ⊥⊥ B | C6, but A → C ← B gives A ⊥⊥ B185

and A ⊥̸⊥ B | C. Therefore, one can go over possible186

causal graphs made by variables of interest, checking187

the likelihood that the observed data is compatible with188

the conditional independence relationships implied by189

the causal graph, until arriving at a causal graph with190

the highest likelihood.191

We infer the causal structure among Mp, Rp, Porb,192

and Teff using a search strategy called the Best Order193

Score Search (BOSS; B. Andrews et al. 2023) with a194

likelihood defined by the Fourier Feature Marginal Like-195

lihood (FFML) score (J. D. Ramsey 2026). All four196

variables were continuous and standardized before ker-197

nel scoring, making the analysis insensitive to physical198

units.199

In brief, BOSS searches over variable orderings and200

projects each ordering to a directed acyclic graph201

(DAG, a graphical representation of causal structures)202

by adding or removing candidate parents when doing203

so improves the decomposable FFML score. FFML204

evaluates nonlinear conditional relationships by approx-205

imating an RBF-kernel Gaussian-process marginal like-206

lihood with random Fourier features (C. E. Rasmussen207

& C. K. I. Williams 2006; A. Rahimi & B. Recht 2007),208

allowing each candidate edge to be tested by its improve-209

ment to the child variable’s conditional model. Graph210

edges are interpreted as conditional dependencies, not211

complete causal histories. The full dataset description,212

pair-plot figure, ordering search, grow-shrink parent se-213

lection, and FFML equations are given in Appendix B.214

6 “A → C” denotes “A causes C”, or A is the causal parent of C.
“A ⊥̸⊥ B” reads as “A is dependent on B,” and “A ⊥⊥ B | C”
reads as “A is independent of B when conditioned on C.”
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𝑀𝑝

𝑃orb 𝑅𝑝

𝑇eff

Figure 1. The causal structure found from super-Earth
data using BOSS with FFML score. An undirected edge
A − B suggests both directions are possible (either A→ B
or A ← B), as long as no new colliders are created. Here,
the graph means that P → Mp → Rp, P ← Mp ← Rp, or
P ← Mp → Rp (but not P → Mp ← Rp), plus an isolated
node T⋆, are equally possible statistically and are together
the most likely causal structure.

3. RESULTS215

3.1. Super-Earths baseline216

As a sanity-check we first run our pipeline on the217

super-Earths dataset. Results are shown in Fig. 1. The218

recovered graph is consistent with the expected behavior219

of compact, mostly rocky or atmosphere-poor planets.220

In this regime, Rp is expected to be governed primarily221

by mass and bulk composition, while irradiation mainly222

affects the probability of envelope loss rather than the223

radii of already stripped cores (S. Seager et al. 2007).224

The Mp–P edge is also meaningful, reflecting the role of225

formation and migration in setting which planet masses226

are delivered to close-in orbits and survive there. In227

contrast, the isolated Teff node is consistent with the228

sample selection. Once planets have lost their primor-229

dial envelopes, stellar effective temperature no longer230

strongly controls their observed radii; irradiation mat-231

ters mainly through atmospheric erosion (J. E. Owen &232

Y. Wu 2013), not through the structure of bare rocky233

cores. With background knowledge above, we can fur-234

ther orient the DAG as: P ←Mp → Rp, T⋆.235

3.2. Inflation of hot Jupiters236

For the hot-Jupiter sample, the preferred four-variable237

graph in Fig. 2 contains238

Porb →Mp, Teff →Mp, Porb → Rp, Teff → Rp.

(2)239

Thus Rp retains direct conditional dependence on or-240

bital period and stellar effective temperature, but not241

on planet mass. Because Finc ∝ T 4
effP

−4/3
orb (under the242

fixed-M⋆, fixed-R⋆ scaling) is not an explicit graph vari-243

able, the paired Teff → Rp and Porb → Rp edges244

are the graph-level signature of irradiation-regulated in-245

flation. The arrows into Mp should instead be read246

as population-level formation, migration, tidal-survival,247

𝑀𝑝

𝑃orb

𝑅𝑝

𝑇eff

Figure 2. Preferred hot-Jupiter causal graph from BOSS
with the FFML score. The inflation-relevant result is that
Rp has direct parents Porb and Teff , but no direct Mp → Rp

edge after conditioning.

photoevaporation/Roche-limit, and detection/selection248

effects (E. B. Ford & F. A. Rasio 2006; R. I. Dawson &249

J. A. Johnson 2018).250

The graph is not a measurement of the analytic expo-251

nents in Table 1: an edge gives conditional dependence,252

not a slope. The missing Mp → Rp edge does not elim-253

inate moderate mass scalings, because the graph is fit-254

ted to Rp whereas theory describes ∆ = (Rp −R0)/R0.255

Across the restricted Jovian mass range, the shallow256

non-inflated mass–radius relation, age, heavy-element257

content, entropy, opacity, and measurement scatter can258

dilute a mass trend in ∆.259

The most compatible single mechanisms have both260

Teff and Porb dependences and no dominant residual261

mass term. Gold–Soter thermal tides provide the clean-262

est parent-set match:263

∆th,GS ∝M−0.42
p P−0.60

orb T 0.60
eff ,264

so the two selected parents of Rp enter at least as265

strongly as mass. Kinetic/mechanical heating remains266

compatible,267

∆kin ∝M−0.40
p P−0.27

orb T 0.80
eff ,268

but its weaker period exponent makes the absent mass269

edge require more dilution by the use of Rp rather than270

∆, the narrow mass range, or astrophysical scatter.271

Ohmic heating, especially near the empirical efficiency272

peak, is also viable through Eqs. (A12) and (A13), al-273

though its stronger mass exponent makes the missing274

Mp → Rp edge less natural. Thus Gold–Soter ther-275

mal tides provide the closest single-mechanism match276

to the recovered parent set, but the graph alone does277

not uniquely identify the underlying heating physics.278

This conservative reading is consistent with the shallow-279

heating inference of S. P. Schmidt et al. (2026), who280

find that hot-Jupiter cooling rates are suppressed by281

≃95–98% and argue that heating near or just below282

the radiative–convective boundary can enable reinfla-283

tion with much weaker deep heating. We note that a284



Origins of Hot Jupiters 5

flux-controlled radius excess with little residual Porb de-285

pendence would favor shallow ohmic dissipation or tem-286

perature advection, whereas a residual period term at287

fixed Finc would favor a thermal-tide contribution.288

This parent set disfavors purely period-controlled289

gravitational tides as the sole population-level expla-290

nation. Gold–Soter thermal tides are driven by stel-291

lar heating and predict both Teff and period dependen-292

cies, whereas dynamical thermal tides and maintained293

eccentricity/obliquity tides, Eqs. (A17) and (A21), pre-294

dict strong period dependencies but no leading Teff de-295

pendence. Delayed-cooling channels are not excluded,296

but radiative blanketing and fixed layered convection,297

Eqs. (A24) and (A25), have weak or absent direct ir-298

radiation/period dependencies. Potential-temperature299

advection, Eq. (A26), has the correct irradiation signa-300

ture albeit with a steep mass exponent, making it more301

plausible as a contributor than as the cleanest single302

explanation.303

The sharper discriminator is whether ∆ retains resid-304

ual Porb dependence after specifying Finc. Existing em-305

pirical radius–mass–flux relations and heating-efficiency306

estimates mostly use Finc or Teq, rather than indepen-307

dent local slopes in Teff and Porb conditioned on age,308

composition, stellar properties, and selection effects (B.-309

O. Demory & S. Seager 2011; L. M. Weiss et al. 2013;310

D. P. Thorngren & J. J. Fortney 2018). Using Eq. (A3),311

irradiation-dominated mechanisms become312

∆kin ∝M−0.40
p F 0.20

inc , ∆Ω,βΩ=1 ∝M−0.62
p F 0.20

inc ,313

with no leading residual period term, while Gold–Soter314

thermal tides become315

∆th,GS ∝M−0.42
p F 0.15

inc P−0.40
orb .316

A residual Porb dependence at fixed Finc would favor317

Gold–Soter; a flux-controlled excess would favor ki-318

netic/mechanical or ohmic heating.319

Two-source models remain physically attractive. A320

kinetic/mechanical plus Gold–Soter mixture,321

∆mix = Akin∆kin +AGS∆th,GS, (3)322

selects the observed parents with moderate mass ex-323

ponents and interpolates between irradiation-dominated324

and balanced period–temperature slopes. Locally,325

αeff ≃ (1− fGS)αkin + fGSαth,GS, (4)326

with entries ordered as (Mp, Porb, Teff), so increasing fGS327

strengthens the period dependence with little change in328

mass dependence. An ohmic plus Gold–Soter mixture,329

∆mix = AΩ∆Ω +AGS∆th,GS, (5)330

is plausible if many planets lie near the ohmic efficiency331

peak, but requires more dilution of the ohmic mass scal-332

ing by Rp-rather-than-∆ fitting, composition scatter, or333

age diversity.334

At the present level, a single-source model is more335

parsimonious and a two-source model more flexible.336

The robust conclusion is that hot-Jupiter inflation337

is irradiation-regulated; purely period-controlled grav-338

itational tides are disfavored as the sole population-339

level channel; and Gold–Soter thermal tides, ki-340

netic/mechanical heating, and ohmic dissipation remain341

viable. The decisive follow-up is a radius-excess analy-342

sis in (Mp, Finc, Porb), including stellar properties, age,343

metallicity, composition, and selection effects. Varia-344

tion between moderately irradiated and ultra-hot plan-345

ets would point to mixed mechanisms rather than a uni-346

versal source.347

4. SUMMARY & CONCLUSIONS348

We applied nonlinear causal discovery to test which349

observed properties retain direct information about hot-350

Jupiter radii after conditioning on the others. UsingMp,351

Rp, Porb, and stellar Teff , we compared the recovered352

graph with analytic scalings of the form353

∆ ∝MαM
p PαP

orbT
αT

eff ,354

where ∆ = (Rp−R0)/R0 is the fractional radius excess.355

The main conclusions are:356

• As a control, the super-Earth sample recovers the357

expected mass–radius connection and leaves stel-358

lar Teff isolated, consistent with radii set mainly359

by interior structure once primordial envelopes are360

lost.361

• For hot Jupiters, the preferred graph selects362

Porb → Rp and Teff → Rp, but no direct Mp → Rp363

edge after conditioning on the other variables.364

• Because Finc ∝ T 4
effP

−4/3
orb , the simultaneous de-365

pendence of Rp on Teff and Porb is naturally inter-366

preted as evidence for irradiation-regulated infla-367

tion.368

• The absence of a direct Mp → Rp edge does369

not imply that mass is physically irrelevant. The370

graph is fit to Rp, whereas the theory describes371

∆; over the restricted Jovian mass range, com-372

position, age, opacity, entropy, and measurement373

scatter can dilute moderate mass trends.374

• Purely period-controlled gravitational tides are375

disfavored as the sole population-level explanation376
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because they lack a leading stellar-temperature de-377

pendence. At the graph-parent-set level, Gold–378

Soter thermal tides are the most compatible single-379

mechanism candidate: their Teff and Porb depen-380

dencies both exceed the residual mass exponent.381

Kinetic/mechanical heating follows, with strong382

irradiation but weaker period response. Ohmic383

dissipation remains viable, though its stronger384

mass scaling makes the missing Mp → Rp edge385

less straightforward.386

The present four-variable graph constrains the parent387

set of Rp, but not the residual-period behavior or lo-388

cal slopes of ∆. At the graph level, Gold–Soter ther-389

mal tides are the cleanest single-source match, followed390

by kinetic/mechanical heating, with ohmic dissipation391

still viable. A follow-up analysis should infer partial392

slopes for ∆ in (Mp, Finc, Porb), including stellar proper-393

ties, age, metallicity, composition, and selection effects.394

A residual Porb dependence at fixed Finc would favor395

Gold–Soter tides; a mainly flux-controlled excess would396

favor kinetic/mechanical heating or ohmic dissipation.397
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APPENDIX425

A. DETAILED ANALYTIC RADIUS-EXCESS SCALINGS426

The purpose of this section is to obtain explicit local power-law predictions for the fractional radius excess,427

∆i ≡
Rp −R0

R0
, (A1)428

where R0(Mp, t, Z) is the radius expected from a non-inflated cooling track at the same mass, age, and composition.429

The derived scalings describe the inflation term ∆i, not the absolute transit radius Rp. Throughout this section Teff430

denotes the stellar effective temperature. The planet equilibrium temperature Teq is used only as an intermediate431

irradiation variable; the final radius-excess scalings are written in terms of Mp, Porb, and stellar Teff .432

The incident flux and equilibrium temperature are433

Finc = σSBT
4
eff

(
R⋆

a

)2

∝ T 4
effR

2
⋆M

−2/3
⋆ P

−4/3
orb ,

Teq =

[
(1−AB)Finc

4σSB

]1/4
∝ TeffR

1/2
⋆ M

−1/6
⋆ P

−1/3
orb .

(A2)434

In the scalings below, we hold M⋆, R⋆, albedo, age, and composition fixed, or equivalently absorb the residual stellar-435

radius and stellar-mass factors into the normalization. Thus the working conversion is436

Finc ∝ T 4
effP

−4/3
orb , Teq ∝ TeffP

−1/3
orb . (A3)437
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We now replace the free response parameters by representative numerical values. For the uninflated giant-planet438

mass–radius slope we adopt439

R0 ∝MξR
p , ξR = −0.06, (A4)440

consistent with the nearly flat mass–radius relation of Jovian planets over the hot-Jupiter mass range (A. Burrows441

et al. 2003; D. P. Thorngren & J. J. Fortney 2018). For the intrinsic luminosity, we use a fixed-age Kelvin–Helmholtz442

scaling. With R0 only weakly dependent on mass, Lint ∼ GM2
p/(R0t), and Lint ∼ R2

0T
4
int, giving Tint ∝ M

1/2
p to the443

accuracy needed here. Thus we adopt444

ξT ≡
∂ lnTint

∂ lnMp
= 0.50. (A5)445

For active deep heating, we adopt a radius-response exponent446

χ = 0.20, (A6)447

which is the order-of-magnitude value found by analytic deep-deposition theory and comparison to numerical models,448

where the radius perturbation scales approximately as the deposited-power parameter to the power 0.15 to 0.20 (S.449

Ginzburg & R. Sari 2015; D. S. Spiegel & A. Burrows 2013). This value should be read as a local response exponent450

for mildly to moderately inflated planets, not as a universal structural constant.451

For any active heating mechanism with452

Pi ∝ Rsi
0 Mui

p F ai

incP
−bi
orb , (A7)453

the local cooling-time-consistent response is454

∆i ∝
(

Pi

Lint

)χ

≃
(

Pi

R2
0T

4
int

)χ

. (A8)455

Using Eq. (A3), this gives456

∆i ∝M [ui+(si−2)ξR−4ξT ]χ
p T 4aiχ

eff P
−(bi+4ai/3)χ
orb ∝M0.20[ui−0.06(si−2)−2.00]

p T 0.80ai

eff P
−0.20(bi+4ai/3)
orb . (A9)457

The right-hand side is the numerical form used below. The −2.00 term is the adopted T 4
int cooling penalty.458

A.1. Active-heating channels459

A.1.1. Ohmic dissipation460

A wind-driven ohmic estimate gives461

PΩ ∝ B2R4
0M

−1
p F βΩ

inc ∝ B2R4
0M

−1
p T 4βΩ

eff P
−4βΩ/3
orb . (A10)462

Menou-type scalings imply that ohmic power rises faster than the absorbed stellar power on the cool side of the463

inflation sequence, while magnetic drag produces a turnover along the equivalent equilibrium-temperature coordinate464

near Teq ≃ 1500 to 2000K (K. Menou 2012; T. M. Rogers & T. D. Komacek 2014; D. P. Thorngren & J. J. Fortney465

2018). In the final variables, this turnover is a turnover in the irradiation combination TeffP
−1/3
orb . We adopt a466

representative pre-turnover local slope467

βΩ = 1.25, (A11)468

which corresponds to (s, u, a, b) = (4,−1, 1.25, 0) in Eq. (A9). The resulting scaling is469

∆Ω ∝M−0.62
p P−0.33

orb T 1.00
eff (A12)470

for fixed B. At the empirical efficiency peak, the effective βΩ is closer to unity, which gives471

∆Ω, βΩ=1 ∝M−0.62
p P−0.27

orb T 0.80
eff . (A13)472
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A.1.2. Thermal tides473

For the Gold-Soter thermal-tide estimate,474

Pth,GS ∝ R4
0P

−2
orbT

3
eq ∝ R4

0T
3
effP

−3
orb ∝ R4

0P
−2
orbF

3/4
inc (A14)475

(A. Socrates 2013). Thus (s, u, a, b) = (4, 0, 3/4, 2) and476

∆th,GS ∝M−0.42
p P−0.60

orb T 0.60
eff . (A15)477

The dynamical thermal-tide estimate instead has478

Pth,dyn ∝ R5
0P

−4
orb (A16)479

at fixed Q′
p and a normalized forcing frequency. With (s, u, a, b) = (5, 0, 0, 4),480

∆th,dyn ∝M−0.44
p P−0.80

orb T 0
eff . (A17)481

If the forcing-frequency normalization is assumed to vary with the mean motion, the period exponent becomes even482

steeper.483

A.1.3. Kinetic or mechanical heat burial484

For mechanical heating or heat burial, we use485

Pkin = ϵkinπR
2
0Finc ∝ ϵkinR

2
0T

4
effP

−4/3
orb . (A18)486

Youdin and Mitchell’s mechanical-greenhouse model does not require a universal power-law increase of ϵkin with487

irradiation, so we use the constant-efficiency closure ϵkin = const. (A. N. Youdin & J. L. Mitchell 2010). This gives488

(s, u, a, b) = (2, 0, 1, 0) and489

∆kin ∝M−0.40
p P−0.27

orb T 0.80
eff . (A19)490

A.1.4. Maintained eccentricity or obliquity tides491

For eccentricity tides in a synchronously rotating planet,492

Ptide ∝ R5
0

(
e2

Q′
p

)
P−5
orb (A20)493

at fixed stellar mass. Obliquity tides have the same role after replacing e2/Q′
p by the corresponding obliquity-damping494

factor. With (s, u, a, b) = (5, 0, 0, 5),495

∆tide ∝M−0.44
p P−1.00

orb T 0
eff (A21)496

for fixed e or obliquity and fixed Q′
p.497

A.2. Delayed-cooling and circulation channels498

Delayed-cooling mechanisms do not correspond to a separate additive Pi and therefore are not described by Eq. (A9).499

For the pure radiative-blanketing or opacity-delayed-cooling limit, analytic irradiated-envelope models give a weak500

dependence of the interior entropy on irradiation (A. Burrows et al. 2007; S. Ginzburg & R. Sari 2015). At fixed age,501

the passive irradiated-envelope cooling relation gives approximately502

Tc ∝M1/4
p R

−1/2
0 T 1/4

eq , (A22)503

and the small-inflation radius response gives504

∆R

R0
∝ Tc

gR0
∝ TcR0

Mp
. (A23)505
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Using R0 ∝M−0.06
p and Teq ∝ TeffP

−1/3
orb gives506

∆rad ∝M−0.78
p P−0.08

orb T 0.25
eff . (A24)507

Equation (A24) should be interpreted as the passive radiative-blanketing limit. It produces a much weaker period and508

stellar-effective-temperature dependence than the active heating channels.509

For layered convection with a fixed compositional-staircase strength, the leading dependence is through surface510

gravity rather than irradiation. Approximating the imposed entropy perturbation as fixed gives511

∆layer ∝M−1.06
p P 0

orb T
0
eff . (A25)512

Thus layered convection can change the normalization of Rp substantially, but by itself it does not predict a direct513

period or stellar-effective-temperature edge unless the layer strength correlates with irradiation.514

For potential-temperature advection, circulation models show that non-uniform irradiation can drive the deep at-515

mosphere toward a hotter adiabat than in one-dimensional radiative-convective models (P. Tremblin et al. 2017; F.516

Sainsbury-Martinez et al. 2019). Those simulations do not provide a unique universal power law, so we close the ana-517

lytic scaling with the simplest irradiation-set deep-adiabat assumption, δTdeep ∝ Teq. Using ∆R/R0 ∝ δTdeep/(gR0)518

gives519

∆adv ∝M−1.06
p P−0.33

orb T 1.00
eff . (A26)520

The mass exponent is steep because a fixed deep-temperature perturbation produces a smaller fractional radius response521

at higher surface gravity.522

A.3. Empirical observational scalings523

The empirical relations below are observational fits and should not be identified with any single physical channel.524

They mix heating physics, age, composition, selection effects, stellar evolution, and correlated system parameters.525

The numerical scalings in Table 1 provide the theoretical comparison set for the causal-discovery analysis. The526

strongest direct period dependencies come from maintained gravitational tides and thermal tides. Ohmic dissipation,527

kinetic heating, and potential-temperature advection predict stronger dependence on T⋆ than on P because their leading528

forcing is irradiation. Radiative-delayed cooling has a much weaker irradiation exponent, while layered convection with529

fixed layer strength predicts no direct P or T⋆ dependencies.530

B. DETAILED METHODS531

B.1. Dataset532

Our dataset was constructed from the Encyclopaedia of exoplanetary systems (https://exoplanet.eu/catalog/)533

by applying uniform cuts in mass, radius, and orbital period. Specifically, we retained only planets with cataloged534

masses in the range 0.5MX ≤Mp ≤ 2.0MX, orbital periods Porb ≤ 10 days, and radii satisfying 0.5RX < Rp ≤ 3.0RX,535

for 328 data points in total (Fig. 3). These criteria select short-period, Jupiter-scale exoplanets while excluding objects536

with very small radii, extremely inflated radii, or masses outside the adopted giant-planet regime. Because the selection537

was implemented through direct numerical comparisons, planets lacking reported values in any of the filtered quantities538

were not included in the final sample. For the control sample, we constructed a super-Earth data set from the same539

catalog using Rp ≤ 1.8R⊕ and requiring complete measurements of Mp, Rp, Porb, and Teff . This yielded 179 exoplanets540

(Fig. 4). No additional causal-discovery variables were used in the control analysis.541

B.2. Causal discovery542

We inferred the causal structure among planetary mass Mp, planetary radius Rp, orbital period Porb, and stellar543

effective temperature Teff using Best Order Score Search (BOSS; B. Andrews et al. 2023) with the Fourier Feature544

Marginal Likelihood (FFML) score (J. D. Ramsey 2026).545

B.2.1. Best Order Score Search (BOSS)546

BOSS is a score-based method for learning directed acyclic graphs (DAGs). The original BOSS algorithm was547

described with a BIC local score; here we use the same search procedure, but replace the local score by FFML to allow548

nonlinear conditional relationships.549
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Figure 3. Pair-plot matrix for the filtered hot-Jupiter sample, showing planet mass (Mp), planet radius (Rp), orbital period
(Porb), and host-star effective temperature (Teff) for 328 exoplanets.

Let X1, . . . , Xp denote the variables, with p = 4 in the main analysis. For a DAG G, let PaG(j) be the parent set550

of Xj . The score of G is decomposable:551

S(G) =

p∑
j=1

SFFML

(
Xj | XPaG(j)

)
. (B27)552

Thus each candidate edge is evaluated by asking whether it improves the conditional model of the child after accounting553

for its other parents.554

BOSS searches over variable orderings rather than directly enumerating all DAGs. For an ordering π, define the555

prefix of Xj as556

Preπ(j) = {k : π(k) < π(j)}. (B28)557

Only variables in Preπ(j) are allowed to be parents of Xj , which guarantees that the resulting graph is acyclic. For a558

fixed ordering, BOSS projects the ordering to a DAG by selecting parents for each node using a grow–shrink procedure.559

Starting from an empty parent set A = ∅, the grow step repeatedly adds the prefix variable that gives the largest560

positive gain561

∆add(k;A, j) = SFFML(Xj | XA∪{k})− SFFML(Xj | XA), (B29)562
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Figure 4. Pair-plot matrix for the filtered super-earths sample, showing planet mass (Mp), planet radius (Rp), orbital period
(Porb), and host-star effective temperature (Teff) for 179 exoplanets.

until no addition improves the score. The shrink step then checks the selected parents and removes any parent whose563

deletion gives a positive gain564

∆del(k;A, j) = SFFML(Xj | XA\{k})− SFFML(Xj | XA). (B30)565

The final parent set is denoted P̂aπ(j), and the projected DAG has edges Xk → Xj for all k ∈ P̂aπ(j).566

BOSS then improves the ordering itself. For each variable, it tries moving that variable to each possible position in567

the ordering, recomputes the projected-DAG score, and keeps the move only if it increases the total score in Eq. (B27).568

This sweep over variables is repeated until no single-variable move improves the score. Grow-shrink trees cache the569

local parent-set scores encountered during this process, so parent sets shared by nearby orderings are not recomputed.570

After the best ordering is found, BOSS converts the selected DAG into a partially-directed graph when orientations571

are not identifiable from the score and conditional independence structure alone. When FFML is used in DAG mode,572

it can also prefer one direction within a Markov-equivalent pair because FFML is not score equivalent.573
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B.2.2. Search criteria: Fourier Feature Marginal Likelihood (FFML) score574

The FFML score is a nonlinear marginal-likelihood score. For each local regression, let Y ∈ Rn be the child variable575

observed for n planets, and let Z ∈ Rn×d be a candidate parent set. FFML starts from the Gaussian-process model576

Y = f(Z) + ϵ, ϵ ∼ N (0, σ2In), f ∼ GP(0, k), (B31)577

where k is an RBF kernel. Let KZ be the kernel matrix over the parent observations and define578

CZ = KZ + σ2In. (B32)579

After integrating out the unknown function f , the exact kernel marginal log-likelihood, up to constants independent580

of the parent set, is581

SKML(Y | Z) = −1

2
Y ⊤C−1

Z Y − 1

2
log |CZ |. (B33)582

The first term rewards fit, while the log-determinant term is an Occam factor that penalizes overly flexible parent sets.583

Direct evaluation of Eq. (B33) requires operations on an n × n matrix. FFML avoids this by approximating the584

RBF kernel with random Fourier features. For585

k(z, z′) = exp

(
−∥z − z′∥2

h2

)
, (B34)586

draw frequencies ωℓ ∼ N (0, 2h−2Id) and phases bℓ ∼ Unif(0, 2π), and define587

ϕ(z) =

√
2

m


cos(ω⊤

1 z + b1)
...

cos(ω⊤
mz + bm)

 . (B35)588

Stacking ϕ(zi) over all planets gives Φ ∈ Rn×m, with589

KZ ≈ ΦΦ⊤. (B36)590

Define591

H = Φ⊤Φ, r = Φ⊤Y. (B37)592

Using the Woodbury identity and the matrix determinant lemma, FFML computes the local score as593

SFFML(Y | Z) = − 1

2σ2

[
Y ⊤Y − r⊤

(
H + σ2Im

)−1
r
]
− 1

2

[
(n−m) log σ2 + log

∣∣H + σ2Im
∣∣] . (B38)594

All linear solves and log determinants are now evaluated in the m-dimensional feature space rather than the n-595

dimensional sample space. For one local FFML score with d parents and m random features, forming the feature596

matrix Φ costs O(ndm), forming H = Φ⊤Φ costs O(nm2), and factorizing H + σ2Im costs O(m3). Thus the per-597

parent-set score cost is O(ndm+nm2+m3), ignoring lower-order terms. For fixed d and m≪ n, this score evaluation598

is effectively linear in the number of planets. The total BOSS runtime further depends on the number of order moves599

and candidate parent sets evaluated. When the parent set is empty, FFML reduces to the Gaussian noise model600

Y ∼ N (0, σ2In).601

All variables in our analysis are continuous, so the mixed discrete-parent extension of FFML is not needed. Con-602

tinuous variables are standardized for kernel evaluation, and the RBF bandwidth is selected from pairwise distances603

among candidate parent observations. The O(ndm+ nm2 +m3) scaling refers to the FFML linear-algebra evaluation604

for a fixed bandwidth and random-feature basis. A naive all-pairs bandwidth selection for each candidate parent set605

would add O(n2d) to the corresponding local-score evaluation. The random feature basis is coupled by target variable,606

so local-score differences such as SFFML(Y | Z ∪ {X}) − SFFML(Y | Z) are evaluated with the same random features607

and are therefore more stable.608
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